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Abstract
Many extensions of the Standard Model require the existence of a “hidden”
sector. We consider settings where the hidden sector in the infrared contains a U(1)
gauge factor with magnetic monopoles, for instance ’t Hooft-Polyakov monopoles
of an underlying non-abelian gauge group. In the presence of CP violation these
monopoles acquire an electric charge in the hidden sector due to the Witten effect.
We show that quite generally they also acquire (small) electric charges under the
visible electromagnetic gauge group. This is a result of “magnetic mixing” which,
as we show, often arises as a natural partner of kinetic mixing. Both kinetic and
magnetic mixing are naturally induced radiatively even if the low-energy U(1)s arise
from a single non-abelian gauge group. We argue that the hidden sector monopoles
can be light and their electric minicharges could thus be testable in current and
near future low-energy experiments.
1 Introduction
It is well known that in gauge theories whose low-energy description contains multiple
U(1) gauge factors, kinetic terms which mix field-strengths of different U(1)s are allowed
by both Lorentz symmetry and gauge invariance. Such kinetic mixing terms can lead to
the appearance of particles with tiny electric charges [1] if one of the U(1)s is identified
with the electromagnetic U(1) of the Standard Model and the others belong to a hidden
sector. It is much less familiar that also non-diagonal θ-terms are possible. For example,
in a model with gauge group U(1)1× U(1)2 the most general renormalizable Lagrangian
in the gauge sector is1
L = −1
4
{ 1
e21
F µν1 F1,µν +
1
e22
F µν2 F2,µν +
2χ
e1e2
F µν1 F2,µν
+
1
8π2
(
θ11 F
µν
1 F˜1,µν + θ22 F
µν
2 F˜2,µν + 2θ12 F
µν
1 F˜2,µν
)}
.
(1.1)
Here, the F µνI are the field strengths of U(1)I (with couplings constants eI). Their duals
are defined as usual:
F˜ µνI =
1
2
ǫµνκλFI,κλ . (1.2)
The standard kinetic terms as well as the θ11 and θ22 FF˜ -terms are the diagonal entries
in the Lagrangian (1.1). Mixing between the different U(1) sectors is represented by the
off-diagonal χ-term and θ12-term.
The χ-term in (1.1) is the familiar kinetic mixing term. The term ∝ θ12E1 · B2 is a
total derivative. It represents the mixing of the magnetic field of the second U(1) with
the electric field of the first. We will refer to it as “magnetic mixing”.
While their presence is important in the non-abelian case, θ-terms are usually ignored
in abelian theories since they do not affect the equations of motion and carry no topological
charges. A well-known exception is provided by the Witten effect [2], where the θF F˜ -
term induces electric charges for magnetic monopoles. This effect is difficult to observe
for monopoles of ordinary electromagnetism, since their masses are extremely large2. But
when two or more U(1) factors become involved, we will argue in Sect. 2 that the effects of
θ-terms do become phenomenologically interesting if there is a light monopole associated
with the hidden sector3 . This monopole can acquire a fractional electric charge under the
Standard Model U(1) either due to magnetic mixing or due to an ordinary θ-term in the
1A note on conventions: for uniformity of notation we use the 1
e2
normalisation in front of FµνFµν
terms even in the abelian theory. The couplings of the abelian as well as of the underlying non-abelian
theories are denoted as e. The symbol g is reserved for magnetic charges of monopoles.
2For a Grand Unified Theory the monopole mass would be ∼MGUT/e2GUT ≫MGUT.
3Magnetic monopoles and electric minicharges acquired via kinetic mixing are mutually compatible,
because a Dirac-type quantization condition continues to hold [3].
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hidden sector along with nonzero kinetic mixing. Through their Standard Model charges,
light hidden monopoles might then be detectable in the ongoing and future experimental
searches for minicharged particles [4–17].
It is important to note that for our purposes the hidden sector gauge group does not
necessarily have to contain a U(1) at the fundamental level. In fact, our prime example
will be based on a non-abelian hidden sector gauge group, broken to U(1)s by an adjoint
Higgs field. While magnetic monopoles may be added or left out at will in a pure U(1), the
non-abelian model necessarily contains ’t Hooft-Polyakov monopoles [18,19]. As opposed
to their pure U(1) (Dirac) counterparts they are non-singular and their properties are
calculable. Kinetic mixing between an unbroken U(1) subgroup in the hidden sector and
the Standard Model can be induced radiatively4; as we will show in Sect. 4, the same is
also true for magnetic mixing.
For concreteness, let us assume that a hidden sector monopole emerges from a sponta-
neously broken non-abelian gauge group. There are then two distinct scenarios in which
it can be light. In the first case, one uses the semi-classical estimate for the monopole
mass, m ≈ v/e (where v is the breaking scale, and e is the gauge coupling). By sufficiently
lowering v, the monopole can be light even at weak coupling5.
A more interesting scenario for having light monopoles arises in the context of a
strongly coupled hidden sector. A naive semi-classical approximation suggests that the
monopole mass ∼ v/e can be small. The fact that monopoles do indeed become light in
the strongly coupled effective theory in the infrared was famously demonstrated by Seiberg
and Witten in the calculable context of N = 2 supersymmetric QCD [23,24]. We expect
that qualitative features of the Seiberg-Witten model, in particular the fact that the
monopoles become light when the original non-abelian theory becomes strongly coupled,
hold in more general situations. Imagine that the hidden sector is described by an SU(N)
gauge theory with an adjoint Higgs which breaks the gauge group to U(1)N−1. This theory
contains (a) magnetic monopoles and (b) has a low-energy description in terms of U(1)
degrees of freedom. In the weakly coupled regime v ≫ Λ the monopoles are heavy. In
analogy to the Seiberg-Witten case we expect that even at strong coupling, i.e. where the
vev is not much greater than Λ, the low-energy dynamics is still described by the U(1)N−1
theory. This is a strongly coupled theory which has a weakly coupled magnetic dual
description with the original magnetic monopoles appearing as light elementary fields.
The paper is set up as follows. In the following Sect. 2 we will briefly review the Witten
effect and demonstrate that, when we generalize it to two U(1) factors, the monopoles
of one U(1) can acquire electric charges under the other U(1). We will then use this
result in Sect. 3 to provide a general formula for the interaction energy between two static
4See [20–22] for some examples in field and string theory model building.
5The semi-classical approximation is valid for Λ < ev < v/e, where Λ is the dynamical transmutation
scale of the hidden sector non-abelian gauge group.
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sources with electric and monopole charges which is valid in the presence of both kinetic
mixing and θ-terms. This can be used to define “charge” by a measurable quantity: the
energy. Then in Sect. 4 we will discuss how kinetic and magnetic mixing (as well as
diagonal θ-terms) in the low-energy abelian theory arise radiatively. We will show this
in the cases where (a) the hidden sector gauge group was distinct from the visible sector,
and (b) where all U(1) factors originated from a single non-abelian gauge theory. We will
summarize and conclude in Sect. 5.
2 The Witten effect and magnetic mixing
Witten has shown [2] that a θ-term gives fractional electric charges to magnetic monopoles.
First we briefly recall a simple version of the derivation which is due to Coleman [25]. In
a model with gauge group U(1), the Lagrangian density is
L = − 1
4e2
F µνFµν − θ
32π2
F µνF˜µν . (2.1)
The θ-term can be written in terms of the magnetic and electric fields,
− θ
32π2
F µνF˜µν =
θ
8π2
E ·B. (2.2)
In a magnetic monopole background with a superimposed static electromagnetic potential
(Aµ) = (A0,A), the field strengths are
E = ∇A0, B = ∇×A+ ge
4π
r
r3
, (2.3)
where g is the monopole charge. The scalar potential A0 then appears in the Lagrangian
for the θ-term as follows:
Lθ =
θ
8π2
∫
d3rE ·B = θ
8π2
∫
d3r (∇A0) · (∇×A+ ge
4π
r
r3
) (2.4)
= − θeg
32π3
∫
d3r A0∇ · r
r3
= −θeg
8π2
∫
d3r A0 δ3(r)
The right hand side corresponds to the interaction of an electric point charge −θeg/(8π2)
at the origin, i.e. at the location of the monopole, with the electrostatic potential A0.
Using the Dirac quantization condition6 eg = 4π the magnetic monopole has acquired an
electric charge −θ/(2π). A more precise argument, which does not involve singular charge
densities, can be given for monopoles arising from spontaneously broken non-abelian gauge
groups [2].
6In our conventions half-integer electric charges are allowed.
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It is now straightforward to generalize this to the case of multiple U(1) gauge factors
and off-diagonal θ-terms. For example consider the case of two U(1)s with a Lagragian
density given by Eq. (1.1). The diagonal θ11 and θ22 will lead to electric charges of the
monopole-1 under U(1)1 and the monopole-2 under U(1)2, respectively. However, we can
also have a “mixing” θ12-term. Let us check how this affects a monopole-2. In a static
situation with a monopole-2 the electric and magnetic fields of U(1)1 and U(1)2 read
E1 = ∇A01, B1 = ∇×A1, E2 = ∇A02, B2 = ∇×A2 +
e2g2
4π
r
r3
. (2.5)
We then have
Lθ12 =
θ12
8π2
∫
d3x (E1 ·B2 + E2 ·B1) = − θ12
8π2
∫
d3xA01∇ ·
(g2e2
4π
r
r3
)
(2.6)
= −θ12e2g2
8π2
∫
d3xA01δ
3(r) = −θ12
2π
∫
d3xA01δ
3(r),
where we have used the quantization condition e2g2 = 4π in the last step. At this point
we stress that this quantization condition also holds in the case of multiple U(1)s, even
with kinetic mixing (cf. [3] for details). This shows that the magnetic monopole-2 has
acquired an electric charge −θ12/(2π) under the group U(1)1.
In the specific case that U(1)1 is the electromagnetic gauge group of the Standard
Model and U(1)2 is a hidden sector gauge group this means that the formerly invisi-
ble hidden monopole has acquired an electric charge and couples to the electromagnetic
photon.
In the case of multiple U(1)s with magnetic mixing, the electric and magnetic charges
Qe and Qm are given by
QeI = n
e
I −
θIJ
2π
nmJ , (2.7)
QmI = 4πn
m
I ,
where ne and nm are the electric and magnetic (monopole) numbers, respectively.
3 Interaction energy between charged particles
In the previous section we have determined the charges for particles with both electric and
magnetic quantum numbers. However, in presence of kinetic mixing the physical meaning
of charge is not completely straightforward since particles electrically charged under one
U(1) can interact with the particles of another U(1) via the kinetic mixing term. As we
will briefly review below the kinetic term can be diagonalized by a linear transformation of
the gauge fields. This, however, redefines the charges. It is more appropriate to consider
4
the interaction energy between two charged particles, which is an observable quantity
and therefore basis-independent. Below we will provide a general formula for this energy.
One can then measure the “charges” by measuring the interaction energy with respect to
reference particles.
Let us briefly recall how effective minicharges arise for electrically charged particles
in the context of kinetic mixing. The kinetic terms in Eq. (1.1) can be diagonalized by a
shift
Aµ2 → Aµ2 −
χe2
e1
Aµ1 . (3.1)
Apart from a multiplicative renormalization of the gauge coupling,
e21 → e21/(1− χ2), (3.2)
the 1-fields remain unaffected by this shift. Consider now for example a hidden fermion
f charged under Aµ2 . Applying the shift (3.1) to the coupling term, we find:
f¯A/ 2 f → f¯A/ 2 f − χe2
e1
f¯A/ 1 f. (3.3)
Since the kinetic term is now diagonal, it is clear that the particle f (which was originally
charged only under U(1)2) interacts with the U(1)1 gauge field and appears to have a
charge −χe2/e1.
In principle one could now diagonalize the kinetic terms in the general case and then
define the “charges” with respect to the gauge fields in this basis. A somewhat more
physical (and basis independent) approach is to concentrate directly on the measurable
interaction energy between two particles.
It will be convenient for our purposes to define a τ -matrix of complexified coupling
constants of the U(1)k low-energy theory,
τIJ = i(τ2)IJ + (τ1)IJ =
(
4πi
e2
)
IJ
+
(
θ
2π
)
IJ
, (3.4)
where (1/e2)IJ is the matrix of the inverse gauge couplings (the off-diagonal terms give
kinetic mixing). For example, for the Lagrangian Eq. (1.1) we have
τIJ = 4πi
(
1
e2
1
χ
e1e2
χ
e1e2
1
e2
2
)
+
1
2π
(
θ11 θ12
θ12 θ22
)
. (3.5)
To obtain the interaction energy let us start by deriving the static electric potential for
an electrically charged particle. From the Lagrangian Eq. (1.1) and using our definition
(3.5) the equation of motion for φI = A
0
I is,
(Im τ)IJ∆φJ = Q
e
I 4π δ
3(r). (3.6)
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The appearance of the imaginary part is due to the fact that the θ-terms, i.e. the real
part of τ , multiply a total derivative in the Lagrangian and therefore do not affect the
equations of motion. The equation of motion Eq. (3.6) can be solved, yielding
φI =
1
r
(
1
Imτ
)
IJ
QeJ . (3.7)
The interaction energy of an electric probe charge Qe ′ in this potential is then
EelectricInt =
1
r
Qe ′I φI =
1
r
Qe ′I
(
1
Imτ
)
IJ
QeJ . (3.8)
Using Eq. (2.7) to relate the electric charge to the electric and magnetic monopole numbers
we find
EelectricInt =
1
r
(n′e − τ1n′m)I
(
1
τ2
)
IJ
(ne − τ1nm)J . (3.9)
A similar procedure can be performed for the magnetic charges and the magnetic interac-
tion energy. The only subtlety is in obtaining the correct normalization for the magnetic
charges. In our conventions this requires a factor of Imτ for the magnetic charges. Ac-
cordingly we obtain
EmagneticInt =
1
r
n′m,I(τ2)IJ
(
1
τ2
)
JK
(τ2)KLnm,K . (3.10)
Eqs. (3.9) and (3.10) can then be combined to give the total interaction energy between
two particles with electric and magnetic numbers, ne, ne ′ and nm, nm ′,
EtotalInt =
1
r
(ne ′T , nm ′T )
(
1 0
−τ1 τ2
)(
1
τ2
0
1 1
τ2
)(
1 −τ1
0 τ2
)(
ne
nm
)
(3.11)
=
1
r
(ne ′T , nm ′T )
(
τ−12 −τ−12 τ1
−τ1τ−12 τ1τ−12 τ1 + τ2
)(
ne
nm
)
.
This expression has many nice features. In particular, it is invariant under basis changes
for the gauge fields. Moreover, it is also invariant under Sp(2k,Z) duality transformations,
generated by exchanging the electric and the magnetic degrees of freedom and by shifting
the θ-terms by 2π. These duality transformations act as
τ → (Aτ +B)(Cτ +D)−1,
(
ne
nm
)
→M
(
ne
nm
)
, M =
(
A B
C D
)
∈ Sp(2k,Z),
(3.12)
where A,B,C,D are k × k integer matrices with
ABT = BAT , BTD = DTB, ATC = CTA, DTC = CTD,
ATD − CTB =ADT −BCT = 1. (3.13)
6
For a more detailed account of Sp(2k,Z) duality, see the Appendix.
To clarify the physical meaning let us look at some specific examples with two U(1)
gauge groups. The first U(1) we will assume to be the ordinary electromagnetic U(1) with
an electron. The second U(1) we will take to be a “hidden” U(1) with electrically and
magnetically charged particles.
Example 1: Our first example is actually the standard kinetic mixing already discussed
at the beginning of this section. If all θ-terms vanish, τ1 = 0, the only possible source of
interaction between the two U(1)s is the kinetic mixing χ. Let us look at the interaction
between an electron, ne = (−1, 0)T , nm = (0, 0)T and a hidden electrically charged particle
ne = (0, 1)T , nm = (0, 0)T . Plugging this into Eq. (3.11) and denoting (τ2)12 = 4πχ/(e1e2)
as in Eq. (3.5), we find
EInt =
1
4πr
χe1e2
1− χ2 . (3.14)
This is exactly the interaction energy we expect for a particle of visible electric charge
−χe2/e1 (as always in units of e1) as anticipated from the discussion of kinetic mixing.
The expression indeed also automatically accounts for the renormalization of the electric
charge by a factor of 1/
√
1− χ2. The latter can be read off from the fact that the
interaction energy between two electrons is
EInt =
1
4πr
e21
1− χ2 . (3.15)
A brief calculation shows that the interaction energy between an electron and a hidden
monopole ne = (0, 0)T , nm = (0, 1)T indeed vanishes as expected from the discussion
in [3].
Example 2: We are now ready to look at a situation with a non-trivial magnetic mixing.
We take θ12 6= 0 and set θ11 = θ22 = χ = 0. The interesting interaction is now the one
between an electron and a hidden monopole, resulting in
EInt =
1
4πr
θ12e
2
1
2π
, (3.16)
exactly as one would expect for a particle with ordinary electric charge −θ12/(2π).
In this simple situation it seems that the hidden monopole behaves very similar to the
ordinary hidden electric particle in our first example with kinetic mixing. For the simple
situation discussed here this is indeed the case as one can see by explicitly performing an
electric magnetic duality transformation for the hidden sector U(1) factor according to
Eq. (3.12),
A = D =
(
1 0
0 0
)
, B = −C =
(
0 0
0 1
)
. (3.17)
7
This duality transformation changes,
τ =
(
4pii
e2
1
θ12
2pi
θ12
2pi
4pii
e2
2
)
M−→
(
4pii
e2
1
+
ie2
2
θ2
12
16pi3
ie2
2
θ12
8pi2
ie2
2
θ12
8pi2
ie2
2
4pi
)
,
(
(ne1, n
e
2)
T
(nm1 , n
m
2 )
T
)
M−→
(
(ne1, n
m
2 )
T
(nm1 , n
e
2)
T
)
.
(3.18)
The τ -matrix is now purely imaginary. In other words the magnetic mixing is recast as a
kinetic mixing. One can easily check that the effective visible electric charge has remained
the same −θ12/(2π) as before the duality transformation.
Example 3: Finally let us investigate a situation with a purely hidden θ22-term but
in addition with kinetic mixing χ 6= 0 (θ11 = θ12 = 0). Again we are interested in the
interactions of an electron with a hidden monopole. Plugging everything into our formula
we find
EInt = − 1
4πr
χθ22e1e2
2π(1− χ2) , (3.19)
and therefore an effective charge χθ22e2/(2πe1). This can be understood as follows. First
the hidden monopole acquires a hidden electric charge −θ22/(2π). This then leads to a
visible electric charge via kinetic mixing resulting in an additional multiplicative factor
−χe2/e1. Moreover, it is straightforward to check that a hidden electric particle interacts
with the electron in exactly the same way as in Example 1, i.e. it has an effective charge
−χe2/e1.
4 Generating θ-terms
From the viewpoint of a low-energy Lagrangian all terms in Eq. (1.1) are allowed by the
symmetries. In this section we want to show how they can be generated in the first place
from quantum effects due to massive particles of the microscopic high-energy theory. In
particular we will focus on the case when one (or both) of the U(1)s are embedded into
a non-abelian gauge group, because this is a setting where we naturally have magnetic
monopoles (’t Hooft-Polyakov monopoles) in addition to electrically charged particles.
4.1 Kinetic and magnetic mixing in U(1)×SU(2)
Consider an effective Lagrangian for an U(1)×SU(2) theory,
L = − 1
4e21
F µνFµν − 1
4e22
Ga,µνGaµν −
1
2
DµΦaDµΦ
a − V ((Φa)2)− 1
2M
ΦaGa,µνFµν
− θ11
32π2
F µνF˜µν − θ22
32π2
Ga,µνG˜aµν −
1
16π2Mθ
ΦaGa,µνF˜µν . (4.1)
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Here F µν and Ga,µν are the field strengths of U(1) and SU(2). The adjoint Higgs which
breaks SU(2) to U(1) is denoted by Φa. In this effective Lagrangian the interactions
between the two gauge sectors are described by the two dimension five operators (last
term in the first and second line). After spontaneous symmetry breaking they result in
the kinetic and magnetic mixing terms, respectively. Importantly we will show how these
higher dimensional operators are generated from integrating out a massive field coupled
to both sectors.
For a suitable form of the potential V , the field Φa acquires a vacuum expectation
value (vev). For simplicity we will take it to lie in the 3-direction.
〈Φa〉 = (0, 0, v). (4.2)
Then the 1- and 2-components of the gauge fields become massive and the 3-component
provides for the remaining U(1) field, W 3,µ = Aµ2 , with gauge field strength, G
3,µν = F µν2 .
Using this identification, inserting the vev and retaining only the massless fields, Eq. (4.1)
then becomes equal to Eq. (1.1) with
χ =
v
M
, θ12 =
v
Mθ
. (4.3)
Let us now see how both the kinetic mixing χ as well as the magnetic mixing θ12 can
indeed be generated naturally by including the quantum effects of a heavy particle Ψ
coupled to both gauge groups (for convenience the U(1) charge is taken to be 1/2),
LΨ=iΨ¯iγµ(∂µ1ij+iA1,µ1ij
2
+iW aµ t
a
ij)Ψj−m1Ψ¯Ψ−im2Ψ¯γ5Ψ−h1ΦaΨ¯itaijΨj−ih2ΦaΨ¯itaijγ5Ψj .
(4.4)
Here the ta = σa/2 are the generators of SU(2), the U(1) and SU(2) gauge fields are
A1,µ and W
a
µ , h is a Yukawa coupling between the Higgs field Φ
a and Ψ and m is a mass
term. In order to include CP violating effects we have allowed both the mass term and
the Yukawa coupling to be complex with the imaginary part coupled by a γ5.
In the above Higgs background, Ψ acquires a mass matrix(
m11+ im2γ
5 0
0 m11+ im2γ
5
)
+
1
2
(
h1v1+ ih2vγ
5 0
0 −(h1v1+ ih2vγ5)
)
. (4.5)
First we note that due to the spontaneous breaking of the SU(2), the two components of
Ψ have different masses. This invalidates the naive argument that the diagram shown in
Fig. 1 is ∼ Tr(ta) = 0, because the Ψ propagators are no longer proportional to the unit
matrix in SU(2) space. Therefore, we can indeed have non-vanishing kinetic mixing if the
SU(2) is broken spontaneously. The same reason allows for a non-vanishing θ12.
We now compute the kinetic mixing. For simplicity let us start with a situation where
all masses are real, i.e. m2 = h2 = 0 and |m| = |m1 + im2| = |m1|, |h| = |h1 + ih2| = |h1|.
9
Aµ1 A
µ
2
Figure 1: Feynman diagram for a contribution of a particle charged under both gauge
groups to the kinetic mixing.
Under the unbroken W 3µ ≡ A2,µ field the first component, Ψ1 has charge 1/2 and mass
m1 + h1v/2 whereas the second component, Ψ2, has charge −1/2 and mass m1 − h1v/2.
A standard calculation of the loop diagram shown in Fig. 1 then gives,
χ =
e1e2
24π2
log
(
m1 + h1v/2
m1 − h1v/2
)
≈ e1e2
24π2
hv
m1
. (4.6)
In the last step we have expanded for h1v ≪ m1. Restoring the correct index structure
for gauge invariance, we recover exactly the last term in the first line of Eq. (4.1) with
1
M
=
e1e2
24π2
h1
m1
. (4.7)
In the next step we want to take the masses and Yukawa couplings to be complex as
in the full expression Eq. (4.5). In order to reduce everything to the previous calculation
we remove the complex phase by performing chiral rotations. The complex phase of m
can be removed by a transformation,
Ψi → Ψ′i = exp(−iαγ5)Ψi, (4.8)
α =
1
2
Arg(m0 + im1) =
1
2
Arg(m).
These chiral transformations are anomalous, and thus while the classical Lagrangian is
invariant, the effect of the anomaly forces the effective Lagrangian to pick up an additional
θ-term,
θ11 → θ′11 = θ11 +Arg(m), θ22 → θ′22 = θ22 +Arg(m), (4.9)
m = m1 + im2 → m′ = m′1 = |m|,
h = h1 + ih2 → h′ = h exp (−Arg(m)) .
θ12 remains unaffected by the transformation because the transformation acts equally on
Ψ1 and Ψ2 which have, however opposite charge under A
µ
2 so their contributions cancel.
Stated in the original SU(2) language the transformation (4.8) respects the SU(2) sym-
metry and the mixed term in the anomaly vanishes because it contains the trace over a
generator ta of SU(2).
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After spontaneous symmetry breaking by a vev v of the adjoint Higgs field the complex
Yukawa couplings generate a new phase. This phase can again be removed by chiral
rotations. However, this time we have to rotate Ψ1 and Ψ2 in opposite directions,
Ψ′1 → Ψ′′1 = exp(−iα′γ5)Ψ′1, Ψ′2 → Ψ′′2 = exp(iα′γ5)Ψ′2, (4.10)
α′ =
1
2
Arg
(
|m|+ h
′v
2
)
=
1
2
Arg
(
|m|+ h
′
1v + ih
′
2v
2
)
= −1
2
Arg
(
|m| − h
′
1v + ih
′
2v
2
)
.
Because the rotations go in opposite directions θ11 and θ22 remain unaffected but
θ12 → θ′12 = θ12 +Arg
(
|m|+ h
′v
2
)
= θ12 +
1
2
Arg
(
m+
hv
2
)
− 1
2
Arg
(
m− hv
2
)
,
≈ θ12 + h2v
2|m| ,
|m| ± h
′v
2
→
∣∣∣∣m± hv2
∣∣∣∣ . (4.11)
In the second line we have assumed m to be real and |hv| ≪ |m|. The proportionality to
h2v emphasizes again that θ12 arises only if the SU(2) symmetry is spontaneously broken.
In the language of Eq. (4.1) we have
1
Mθ
=
h2
2|m| . (4.12)
After these rotations all masses are real and we can perform the calculation of the
kinetic mixing as before but with the masses given by Eq. (4.11).
Overall, our calculation shows that magnetic mixing arises as a natural partner of
kinetic mixing for complex fermion masses and Yukawa couplings. We note that θ11 and
θ22, being just the phase of the fermion mass term, could be naturally of order 1. On
the other hand the magnetic mixing term θ12 could be naturally small if |m| ≫ |hv| with
both θ12 and the kinetic mixing of the same order, θ12 ∼ χ ∼ |hv|/|m|.
4.2 Electromagnetic mixing from underlying SU(N) dynamics
In the previous section we have calculated the kinetic and magnetic mixing terms for a
scenario with a priori independent U(1) and SU(2) gauge groups. Here, we consider a
scenario where the entire low-energy U(1)k structure of the visible and the hidden sectors
descend from a non-abelian simple gauge group.
Although both scenarios are in principle complementary, it is instructive to note that
the setup of the previous subsection can be straightforwardly embedded into a single
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gauge group. One possibility would be to take an SU(3) gauge group with a fundamental
fermion and break it by an adjoint vev ∼ (−a, a/2+v, a/2−v) with a≫ v. At the scale a
the symmetry is broken to U(1)×SU(2) and the fermion splits into a singlet charged under
U(1) and a charged SU(2) doublet. The singlet does not contribute to the kinetic mixing
whereas the doublet is exactly the matter representation of the previous subsection. At
the scale v the SU(2) subgroup is then broken to U(1) as in the previous section.
For concreteness we assume a microscopic description in terms of an SU(N) gauge the-
ory with a generic matter content and an adjoint Higgs field which breaks SU(N)→U(1)k,
where k = N−1. Upon integrating out massive degrees of freedom, the coupling constant
of the ‘unified’ SU(N) theory splits into the k× k matrix of U(1) couplings eab below the
unification scale set by vevs of the adjoint. At one-loop we can write a general expression(
4π
e2
)
ab
=
7
4π
∑
V
Tr
(
tVa t
V
b log
MV
Λ
)
− 2
3π
∑
F
Tr
(
tFa t
F
b log
MF
Λ
)
− 1
12π
∑
S
Tr
(
tSa t
S
b log
MS
Λ
)
(4.13)
where Λ is the dimensional transmutation scale of the underlying SU(N) theory, and the
sums are over all massive vector, Dirac fermion and real scalar degrees of freedom which
were integrated out. The matrices ta are the appropriate generators of the unbroken U(1)
factors. For example, if the microscopic theory is U(N) (if desired the overall U(1) factor
can be decoupled later on) broken down to U(1)N , the U(1) generators in the adjoint and
in the fundamental representations are given by (repeated indices not summed over)
(tadja )
bd
ce =
1√
2
δbeδ
d
c (δ
b
a − δac ) , (tfunda )bc =
1√
2
δbcδ
b
a , a = 1, . . . , N. (4.14)
The matrix of low-energy U(1) couplings in (4.13) follows from the general expression for
one-loop threshold corrections derived by Weinberg in [26] and we are using the result
converted to the DR scheme [27].
Contributions to θ arise only from the complex masses of fermions (as in the previous
subsection), (
θ
2π
)
ab
= −1
π
∑
F
Tr
(
tFa t
F
b Arg
(
MF
Λ
))
, (4.15)
where the sum is only over Dirac matter fermions. Neither scalars nor vector fields play
a role as they do not contribute to the axial anomaly.
We now make two observations. First, it is obvious that (4.13) describes a generic
matrix of coupling constants with non-vanishing non-diagonal entries. These give the
kinetic mixing effects induced in the low-energy theory from integrating out heavy states
of the high-energy theory. Second, we note that (4.13) also knows about the magnetic
mixing given in Eq. (4.15). In the original derivation of (4.13) it was assumed that all
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the masses are real and positive. Otherwise they should appear in Eq. (4.13) as |M |.
However, in the presence of supersymmetry and in particular if the underlying theory
is N = 2 supersymmetric the entire τ -matrix of complexified couplings has an analytic
structure. It is given by the second derivative of the Seiberg-Witten prepotential which
is a holomorphic function of its variables. In this case τ can be directly read off from the
right hand side of Eq. (4.13) with in general complex Ms. For N = 1 supersymmetry we
can easily see that the complex phase contributions from the second and third terms in
Eq. (4.13), i.e. the contributions from chiral matter, combine to give Eq. (4.15).
To summarize we conclude that magnetic mixing of the low-energy abelian theory is
generated alongside with the kinetic mixing.
As an example, let us show how this works explicitly for a Seiberg-Witten N = 2
QCD with N colours and Nf fundamental hypermultiplets. In the context of the U(N)
gauge theory spontaneously broken to U(1)N in the Coulomb phase, the N × N matrix
of effective complexified couplings of the low-energy theory reads
τˆab = δab
i
2π
(
N∑
c 6=a
log
(
va − vc
Λ
)2
−Nf log
(√
2
va
Λ
))
− (1− δab) i
2π
log
(
va − vc
Λ
)2
(4.16)
In this formula va are the vevs of the adjoint Higgs, 〈Φ〉 = diag(v1, . . . , vN), hence the
masses of vector bosons (and their superpartners) are |va − vb| while the fundamental
flavour masses for each U(1) factor are |√2va|. In order to describe SU(N)→U(1)N−1 we
need to decouple the overall U(1) factor from the U(N) theory. The resulting (N − 1)×
(N − 1) τ -matrix in the low-energy abelian theory is obtained from (4.16) via
τIJ = τˆIJ − τˆIN − τˆNJ + τˆNN , I, J = 1, . . . , N − 1 (4.17)
Equations (4.16), (4.17) describe the perturbative interaction pattern between the
gauge factors of the U(1)N−1 low-energy effective theory which arises from the Seiberg-
Witten SU(N) SQCD. They are presented in the DR regularisation scheme with a careful
account of the threshold corrections. In this form they were first obtained in [28] for
N = 2 colours and later in [29] (whose notation we followed here) in the context of the
general SU(N) Seiberg-Witten theory.
It follows from the Seiberg-Witten construction [23,24] that these one-loop expressions
are exact to all orders in perturbation theory and receive only non-perturbative (multi-
instanton) corrections which were computed directly in [30,31]. In the case of more general
non-supersymmetric settings, the above results represent the leading order perturbative
expression for the effective τ matrix. To summarise results of this subsection, we con-
clude that in rather general settings where several U(1) factors of the abelian low-energy
theory arise from the same non-abelian gauge group, kinetic and magnetic mixing effects
arise naturally (the latter require CP-violation) and are governed by a simple one-loop
expression for τIJ .
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5 Conclusions
We have argued that when a low-energy theory contains two or more U(1) factors there is a
natural partner of kinetic mixing which we call magnetic mixing. Kinetic mixing manifests
itself as a non-diagonal kinetic term for the gauge fields, χF1F2, magnetic mixing is the
corresponding mixing in the θ-terms, θ12F1F˜2. Both terms are naturally generated upon
integrating out heavy degrees of freedom – in the latter case in presence of CP violating
phases – of an underlying theory. They occur independently of whether the U(1) factors
are fundamental or arise from a single, simple non-abelian gauge group.
Consider an application where one of the U(1)s corresponds to ordinary electromag-
netism and the other belongs to a hidden sector. Then both mixing effects generate
interactions between the visible sector and hidden matter. More precisely, they induce
non-integer (generically small) electric charges for hidden sector states. In the case of
kinetic mixing, visible mini-electric charges are induced on charged hidden matter. Simi-
larly, magnetic mixing induces visible mini-electric charges on the magnetic monopoles of
the hidden sector. When the carriers of these mini-charges are light they can be probed
by current and future low-energy experiments [5–17].
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A Sp(2k,Z) duality in abelian gauge theory
As pointed out in the main text, in a U(1)k theory the duality group Sp(2k,Z) acts
on the coupling matrix τ and on the electric and magnetic quantum numbers. This
“Siegel modular group” consists of 2k× 2k matrices M with integer entries which leave a
symplectic inner product invariant:
MT
(
0 1k
−1k 0
)
M =
(
0 1k
−1k 0
)
. (A.1)
M ∈ Sp(2k,Z) may be written in terms of k × k block matrices as
M =
(
A B
C D
)
, (A.2)
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with A,B,C,D satisfying
ABT −BAT = CDT −DCT = ATC − CTA = BTD −DTB = 0,
ATD − CTB = ADT − BCT = 1k.
(A.3)
M acts on the coupling matrix as
M : τ → (Aτ +B)(Cτ +D)−1 (A.4)
and on electric and magnetic quantum numbers according to
M :
(
ne
nm
)
→ M
(
ne
nm
)
. (A.5)
Sp(2k,Z) is generated by discrete S and T transformations. S is the electric-magnetic
duality implemented via an inversion of the coupling matrix,
S : τ → −τ−1. (A.6)
T transformations are integer shifts of the Re τIJ (corresponding to changing the θIJ by
2π):
TKL : τIJ → τIJ + δKI δLJ + δLI δKJ − δIJδKI δLJ (1 ≤ K ≤ L ≤ k, no summation). (A.7)
S is explicitly given by
S =
(
0 −1k
1k 0
)
. (A.8)
From this and Eq. (A.5) it is obvious that S exchanges electric and magnetic quantum
numbers.
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